Long-distance Entanglement generation by Local Rotational Protocols in spin chains 
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We exploit the inherent entanglement of the ground state of a spin chain with dimerized XX or 
XX Z Hamiltonian to investigate the entanglement generation between the ends of the chain. We 
follow the strategy has been introduced in Ref. [14| to encode the information in the entangled 
ground state of the system by local rotation. The amount of achieved entanglement in this scheme 
is higher than the attaching a pair of maximally entanglement scenarios. Also, our proposal can be 
implemented by using the optical lattices. 
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I. INTRODUCTION 

Entanglement lies at the heart of quantum mechan- 
ics and represents the most characteristic of it [l|. It is 
known to be key resource of quantum communication and 
computation |2[ and has been verified in such protocols 
as cryptography Q and teleportation Create a large 
amount of entanglement between distance subsystems is 
a much desire goal in quantum information tasks. One 
way to mediate interaction between distant qubits is to 
use an additional setup, called quantum bus. Spin chains 
are the most common buses where their tunable interac- 
tion has motivated researchers to use this permanently 
potential in the information processes 0-0 • Due t° en- 
tanglement fragility under distance in most systems with 
short range interaction such as spin chains, one has to 
either delicately engineer the couplings [lOi Hlj or switch 
to super slow perturbative regimes [12, LL3j . In all above 
studies symmetries of state and Hamiltonian seem play 
the important role versus inherent entanglement for prop- 
agating information [l4|- The entanglement inherent in 
many-body systems has been investigated [HI and us- 
ing it for a "known" state transferring has been recently 
proposed in Ref. Sending a "known" state makes 

quantum communication simpler for many communica- 
tion features such as key distribution [3[. Furthermore, 
they have shown their proposal is more efficient to state 
transfer versus the previous scheme which attach a qubit 
encoding an "unknown" quantum state to the system 

BUS- 

The experimental realization of the Mott insulator 
phase for both bosons [l8| and fermions [l9j |. with ex- 
actly one atom, in optical lattices enables for realizing 
effective spin Hamiltonians [20| by properly controlling 
the intensity of laser beam . Moreover, Single qubit op- 
erations and measurements [2l|-[23| are available by single 
site resolution in current experiments [24|. Furthermore, 
singlet-triplet measurement of simulated spin have been 
done by using supperlattice [25l-l28| . 

In this letter, we put forward the approach in Ref.flij 
to investigate the amount of entanglement between the 
ends of a spin chain govern by XX and XX Z Hamilto- 
nian. A setup consist of cold atoms trapped in a supper- 
lattice has been introduced as a realization of our model. 



The structure of this paper is as follows: in section 
dill) we introduce our setup. In section (|III|) entangle- 
ment generation is investigated with the chain where its 
dynamics govern by XX Hamiltonian and in section (|IV|) 
the XX Z Hamiltonian is considered and variation of ob- 
tainable entanglement in all the phase space is discussed. 
We finally summarize our results in section ([V]) . 



II. SET-UP 

We consider a chain of N spin 1/2 particles, where N 
is even, interacting through a dimerized Hamiltonian 

N-l 

H = ^(l+(-l)i+^)[J K aJaJ +1 +J y aJaJ +1 +J z a|a| +1 ] 

(1) 

where, Ji > 0(i = x,y,z) is the strength of coupling in 
the i direction, cr* (i = x, z) denotes the Pauli operators 
at site j and < S < 1 determines the dimerization of 
the chain. This interaction is called XX Z and for J z = 
is called XY Hamiltonian and reduce to Heisenberg 
Hamiltonian with J x = J y = J z = J. We assume that 
the chain is in initial state and Alice controls qubits 1 
and 2 while Bob controls the qubits N — 1 and TV. To 
encode two qubits at the ends of the chain Alice and Bob 
apply 
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on first and last qubits (k = l,iV) of the chain. Af- 
ter the operation R the state of the chain changes 
to 1^(0)) = R\Rn\GS) and so the system evolves as 
\^(t)) = e- iHt \ilj(0)). At time t = t* the encoding state 
at each ends of the chain have been swapped while they 
are entangled via quantum gate at two middle qubits 
(f and^)^ [H. Now Alice and Bob can localize 
this information in their single qubits by performing a 
single-qubit measurement in the computational basis on 
sites 2 and TV — 1[14]. After performing the projection 
amount of entanglement between the ends of the chain 
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can be obtained by calculating the concurrence [30j 

4 

C(t) = max{0, 2X max (t) ~ E A * (*)}> ( 3 ) 

i=l 

where A^ are the eigenvalues of the matrix 
y/piN&y (J y p\ N (J y (g) (J y while piat is the reduced 
density matrix of the qubits 1 and TV. As a physical 
realization of above Hamiltonian we propose the setting 
of ultracold atoms trapped in an optical supperlattice. 
An optical lattice mades of an standing wave formed by 
two different set of laser beams. The resulting potential 
is 

V(x) = Vi cos 2 (27nr/A z ) + V s cos 2 (2ttx/A s ) (4) 

where, Xi = 2A S are the wave lengths, V\ and V s are 
the amplitudes. The low energy Hamiltonian of atoms 
trapped by V(x) is [H 

H = - ^ ( J iv a l* a 3,v + H.C.) + U U ^ n i,t n i,l 
<i,j>,cr i 

+ \ E U <r n i,<r( n i,<T ~ X )> ( 5 ) 

where, < z, j > denotes the nearest neighbor sites, 
annihilates one atom with spin a =t,i at site z, and 
^i,a = a\ a ai^. We are interested in the regime where 
Ji <C U a ,U^i. This choice of hopping terms energetically 
prohibit the multiple occupancy of any site which corre- 
sponds to an insulating phase. The effective Hamiltonian 
is found to be 

H=Y, J ?°l° Z j- E JtHofof+rW), (6) 

<i,j> <i,j> 

wherecrf a\^a^ + a\^a^ and a\ = -i(a\^a^ - a\±a^) 
are the pauli's spin operators. The effective couplings Jf 
and Jf x are given by 

The optical lattice parameters could be engineered such 
that = U\, = 2/7f| = C/ and = = J,. So the ef- 
fective Hamiltonian reduced to the XX spin Hamiltonian 

ff = - E + (8) 

<ij> 

The tunneling JVs are controlled by the amplitudes V\ 
and Vs[20j. Tuning the intensity of low(high) frequency 
trapping laser beam can be controlled independently the 
even (odd) couplings in a superlattice[26|, HtJ. So, it is 
possible to freeze the dynamics(J=0) at time t* with 
raising the barrier quickly and do the measurement on 
qubits. A schematic picture of the system is depicted in 
Fig. (Ha) and (b). 



(a) 
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FIG. 1. (Color online) (a) A superlattice containing N atom 
and the tunnelings J (1 + 5) and J (1 — 6). (b) Encoding is done 
through local rotation on qubits 1 and N, while decoding is 
done through measurement on qubits 2 and N — 1 at time t* . 



III. XX-MODEL 

In this section we consider a dimerized XX model de- 
fined by Eq.([T]) with 

Jx = Jy = ^, Jz=0. (9) 

So the Eq.([T]) reduced to 

T N-1 

H = 2 E + + ( 10 ) 

This Hamiltonian can then be diagonalized with follow- 
ing the procedure described in[3l| with 6 = 0. The first 
step is to perform a Jordan- Wigner transformation (32) 

Q = E[^o(-^)^ where ^ = ±* y )/2, = 

and {q,cJ,} = 5^/. As a result, the Hamiltonian is 
mapped in the free fermion Hamiltonian 

N-l 

H = J H (sWi + c] +1 cj) = ctMc, (11) 

where c = (ci, Cjv)(c^) is the vector of the N cre- 
ation(anihilation) operators, and M is the adjacency 
matrix. The new fermionic operators are defined as 
Cj = ^2 k Ck c k with the eigenvalues A& and eigenvectors 
£fc of the matrix M. So the Hamiltonian ( [TT]) takes the 
form [33) 

^ = E Afcc i c fc- ( i2 ) 

Also, dimerized XX Hamiltonian (6 7^ 0) can be di- 
agonalize with the procedure described in [34| for the 
odd number of qubits and in [35| for the chain with 
even number of spins. The eigenvalues A& have been 
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FIG. 2. (Color online) Variation of the entanglement at t* 
versus and 6 for a XX spin chain with N=8 and = 0. 



FIG. 3. (Color online) The variation of entanglement vs. the 
number of qubits for a XX spin chain with 6 = 0.8 by apply- 
ing different projection on qubits 2 and N — 1. 



introduced in appendix for the nonvanishing amount of 
S. With this dimerized Hamiltonian we have a Werner 
state p w = p\^~)(^~\ + (1 —p)Ia/& for reduced den- 
sity matrix of the first or last two qubits [13]. where 
|^~) = ( 1 01) — |10))/V% I n is an n x n identity matrix 
and p —> 1 if S —> 1 . 

The projection operators of two qubits have the forms 
POO = |00)(00|, P01 = |01)(01|, P10 = |10)(10| and 
Pll = 1 11) (11 1, where POO means both of two qubits 
are projected on |0). Alice and Bob apply these projec- 
tions on qubits 2 and N — 1. At the first step, the best 
choice of 6 and 5 should be determined. So the variation 
of the entanglement at t = t* between the ends of the 
chain with N = 8 and = versus and S has been 
calculated while the projection POO or Pll has been ap- 
plied. These results which have been plotted in Fig. ([2]) 
show the best amount of = tt/2 and 8 = 0.8. The con- 
currence decrease for S > 0.8 due to emergence of small 
couplings(i.e. J(l — 5)). Entanglement at time t* be- 
tween ends of the chain with N = 10 and S = 0.8 has 
been plotted in Fig. [3] for different projection operators. 
So, performing POO (Pll) is the best choice and we use 
this projection in the following calculations. 

Furthermore, we compare the amount of entanglement 
achieved in our proposal and anti-ferromagnetic chain 
with attaching a pair of maximally entanglement [l7j in 
Fig[4j This figure shows that the amount of entanglement 
in our proposal is higher than attaching scheme and it is 
in agreement with the compare of the amounts of average 
fidelity for state transfer in Ref [l4j . 



IV. XXZ HAMILTONIAN 

In this section we consider a dimerized XXZ model 
defined by Eq. ( [1]) with 

Jx — Jy = Jz — —y- • (13) 
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FIG. 4. (Color online) Comparison between different strate- 
gies of entanglement generation between the ends of a XX 
spin chain namely, entanglement achieved in our scheme (red 
line) and entanglement obtained with attaching an extra max- 
imally entangled pair (blue line). 



where A is the anisotropy coupling in the z direction. 
The above Hamiltonian is a dimerized XXZ Hamilto- 
nian. The usual XXZ Hamiltonian has a very rich phase 
diagram which different phases depend on different range 
of J and A. For A = 1 and J < 0, this interaction is 
the FM Heisenberg chain widelv discussed in the context 
of quantum communication [Ef, [H, [36|. More interest- 
ing regimes exist for J > and different values of A 
[371 ]. A < 1 is the FM phase with a simple separable 
biased ground state with all spins aligned to the same 
direction. 1 < A < 1 is called XY phase, which is a 
gapless phase and consists of two different legs, the FM 
half (1 < A < 0) and the AFM part (0 < A < 1). 
1 < A is called Neel phase. In the Ising limit A ^> 1 the 
ground state is the Neel state (|010101...01)). We use the 
same recipe for entanglement generation with this Hamil- 
tonian. The concurrence between qubits 1 and for the 
chain with N = 10 at time t* has been plotted in the do- 




FIG. 5. (Color online) Variation of entanglement between the 
ends of the "XXZ" chain of N = 10 as a function of A with 
dimerized parameter S = 0.75. 



V. CONCLUSION 

In this paper we examined inherent entanglement in 
ground state of the spin chains for investigation of entan- 
glement generation between the ends of chain. Dynamics 
of the chains govern by dimerized XX and XXZ Hamil- 
tonian which can be realized by optical supperlattice. In 
this scheme local rotation on the ends of the chain en- 
code information in the entangled ground state of the 
system. We also showed that the obtainable entangle- 
ment is higher than entanglement achieved by attaching 
a pair of maximally entanglement to the system. For 
XXZ Hamiltonian this mechanism doesn't work for the 
domain with A < — 1. 
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Appendix A: Eigenvalues of dimerized XX 
Hamiltonian 



Upon the introduction of a nonvanishing 5 the eigen- 
values of the adjacency matrix M for odd N are given 
by Mil 
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main of (—2 < A < 2) in Fig. [5] with 5 = 0.75 as a best 
amount of dimerized parameter for this Hamiltonian. As 
we can see in this figure for our proposal works only for 
the domain — 1 < A. The reduced density matrix of first 
or last two qubits is the Werner state in this domain of 
phase space. On the other side, there is no local entangle- 
ment at ground state for the transition point A = — 1 and 
the domain A < —1 so, our mechanism which exploit in- 
herent entanglement between proximally spins in ground 
state doesn't work in this region. Also, obtainable entan- 
glement between ends of a chain with different length N 
is enhanced compared to entanglement achieved by at- 
taching a pair of maximally entanglement to the system 
while A = 0.5 as has been shown in Fig. [6] 



The eigenvalues of adjacency matrix M for even N are 
given by [35| 




for jfe = l,2,...^ 
for jfe=Jm JVM.. 
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and x v are the solutions of equation (-j^p! sin( ^x v ) + 



sin((f + l)x v ) 

£f < (N + 2)/N and 1=| > (N + 2)/N 



0) which has different solution for 
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